The Q-convexity is a kind of convexity in the discrete plane. This notion has practically the same properties as the usual convexity: an intersection of two Qconvex sets is Q-convex, and the salient points can be defined like the extremal points. Moreover a Q-convex set is characterized by its salient point. The salient points can be generalized to any finite subset of Z 2 .
Introduction
In this paper we study the lattice sets which are the subsets of Z 2 . These sets are important in computer imagery because they correspond exactly to binary images. The Q-convex sets form a simple subclass of the lattice sets which generalize both the HV-convex polyominoes and the (classical) convex sets. The HV-convex polyominoes have been first introduced in combinatorics : the polyominoes can not be counted easily but the HV-convex polyominoes can (see [6, 3] ). They also have good properties in discrete tomography : the HV-convex polyominoes can be constructed in polynomial time from their horizontal and vertical projections ( [1] ).
On another hand the convex subsets of R 2 are well-known in mathematics and especially in computational geometry ( [8] ). They have better mathematical properties, for example they are closed by intersection so the convex hull can be defined.
The Q-convexity is an intermediate notion between the usual convexity and the class of the HV-convex polyominoes : every usual convex set is Q-convex around any couple of directions and a HV-convex polyomino is Q-convex along the coordinate directions. Q-convex sets have already been used for their good properties related to discrete tomography : as the HV-convex polyominoes, the Q-convex sets can be reconstructed from their projection in polynomial time ( [4] ) and the uniqueness result in the reconstruction of the convex sets of [7] can be extended to the Q-convex sets ( [5] ). This paper gives some new properties of Q-convex sets which are similar to the ones of the classical convex sets: we can define the Q-convex hull and salient points which are the analogue of extremal points. Moreover if two finite Q-convex sets have the same sets of salient points then they are equal. The salient points can be generalized for any binary image. This seems to give a good way to modelize the complexity of a binary image.
Q-convexity
2 we define the four quadrants around M by the following formulas (see figure 1 ) Figure 1 : The four quadrants.
We can also make the contrapositive definition :
2 is Q-convex if and only if for any M ∈ Z 2 we have :
The intersection of any collection of Q-convex sets is Q-convex. So we can define the Q-convex hull Q(E) of any subset E of Z 2 as the intersection of all the Q-convex sets which contain E. In fact we have a more explicit characterization of the Q-convex hull :
Proposition 3 The Q-convex hull of a set E verifies : Proof:
The set F is trivially contained in any Q-convex set which contains E. So we only have to prove that F is Q-convex. So let M be a point such that R i (M) ∩ F contains a point A i for any i ∈ {0, 1, 2, 3}. By the definition of F , for any i there exists
Now we look for an algorithm to compute the Q-convex hull of a finite subset of E ⊂ Z 2 . Suppose that E is included in the discrete rectangle ∆ = {0, 1, . . . , w − 1} × {0, . . . , l − 1}. Let (V 0 (x, y)) (x,y)∈∆ be the array of booleans defined by :
We can compute this array by the induction :
Similarly we can define and compute the three other arrays V 1 , V 2 , V 3 . Proposition 3 ensures that :
The Q-convexity is usually defined for a couple of directions ( [4, 5] ). We choose in this paper to only consider the Q-convexity along the coordinate directions for briefness, but all the results and notions of this paper remain valid for any couple of directions.
Salient points
The salient points of E are the points which change the Q-convex hull of E when they are removed from E, more precisely :
We denote by S(E) the set of salient points of E.
Proposition 5
• The point M is in S(E) if and only if there exists i such that R i (M)∩ E = {M}.
• The set S(E) only depends on the Q-convex hull of E. More precisely S(E) = S(Q(E)).
Proof: Let M be a salient point of E.
• Due to Proposition 3 there exists i ∈ {0, 1, 2, 3} such that
• For the second part suppose that M is a salient point of E. By the last statement we know that there exists i such that
, therefore by proposition 3 we know that N / ∈ Q(E) and so
S(Q(E)) for any M ∈ S(E), ie S(E) ⊂ S(Q(E)). The converse inclusion is clear.
The analogue of salient points for the usual convex sets are the extremal points of the set. The Krein-Milman theorem states that a compact convex set is the convex hull of its extremal points (see [2, 11.6.8] ). We have a similar theorem for the Q-convex sets:
Theorem 6 If E is finite Q-convex set then it is equal to the Q-convex hull of its salient points. (E = Q(S(E)))
Proof: Since S(E) ⊂ E we have Q(S(E)) ⊂ Q(E) = E. So we only have to prove that E ⊂ Q(S(E)).
Let M ∈ E. Let x min = min{x N : N ∈ R 0 (M) ∩ E} and y min = min{y N : N ∈ R 0 (M) ∩ E and x N = x min }. The point A 0 = (x min , y min ) is in E, and by the definition of x min , y min we have
Similarly we can find A 1 , A 2 , A 3 such that A i ∈ S(E) ∩ R i (M). So for any i ∈ {0, . . . 3} we have R i (M) ∩ S(E) = ∅. By Q-convexity we deduce that M ∈ Q(S(E)), and so E = Q(S(E)).
By the second part of theorem 5 we have :
Generalized salient points
The previous theorem shows that Q-convex sets are characterized by their salient points. But the finite lattice sets are rarely Q-convex. So in this section we try to generalize the salient points for any finite subset of Z 2 . We can notice that when E is not Q-convex then Q(E) \ E is not empty. This leads to the following definition.
Definition 8
If E is a finite subset of Z 2 then the set of its generalized salient points (denoted by S g (E)) is defined by induction on |Q(E)| (the cardinality of Q(E)) by : This definition has a sense because S(E)∩Q(Q(E)\E) = ∅ so |Q(Q(E)\E)| < |Q(E)|. In fact S g (E) is the set of the salient points of the sequence of sets defined by the simple recurrence
The number N(E) = min{n : E n = ∅} measures the default of Q-convexity of E.
This definition is justified by the following theorem :
The transformation S g is a bijection from the class of the finite lattice sets onto itself.
Proof: For any finite lattice set F we define Q g (F ) by induction :
We only have to prove that Q g (S g (E)) = E and S g (Q g (F )) = F for any finite lattice sets E, F
• Let E be a finite subset of Z 2 such that Q g (S g (E)) = E and |Q(E)| is minimum. We have S(E) ⊂ S g (E) ⊂ Q(E) so Q(E) = Q(S g (E)) and S(E) = S(S g (E)).
) = E for any finite lattice set E.
• Let F be a finite subset of Z 2 such that S g (Q g (F )) = F and |Q(F )| is minimum. We have
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which is a contradiction so S g (Q g (F )) = F for any finite lattice set F .
So when N(E)
is not large the set S g (E) is a small set which characterizes completely E.
To illustrate this notion we have computed S g (E) for a few binary images. We have taken 8 images which are used to test compression algorithm of fax-images . These images are available by ftp at the address ftp://ftp.funet.fi/pub/graphics/misc/test-images/. (see example in figure 4) The table 1 summarizes the results of this computation. The last column shows the size of the image in JBIG format which one of the better compressed format for such binary images (see [9] ). We can see that this size is directly linked with the cardinal of S g (E). So the generalized salient points are good candidates to represent geometrically the image. They could be a useful tool for 2D-recognition and image-transformation.
